Trigonometry

El ‘ Work with radian measure, including use for arc length and area of sector

Understand and use the standard small angle approximations of sine, cosine
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Commentary

Whereas degrees are an arbitrary measure of
angles, radians are a more natural, mathematical
choice. Radian measure is given by arc length
divided by radius, i.e. a length divided by a length.
This therefore gives us an angle measure in pure r r
numbers.

Following from the definition of radian measure,
1 radian is the angle subtended at the centre of a 1 radian
circle by an arc equal in length to the radius — an
‘equilateral slice’ (see right).

Radians are particularly important in calculus. For example, given that tangent to
f(x)=sinx at (0,0) should have a gradient of 1, it means that the tangent should

be a line making 45" with the X-axis. For this to be the case the scales on the X-
axis and Yy -axis should be the same, which is clearly not the case when working in

degrees.

Students will be familiar with exact values for sin and cos of 0°,30°,45°,60"and 90°

from GCSE. They need to be able to use the equivalent when working in radians.
Recognising and using these values is a useful skill for problem-solving.

The small angle approximations (which are the first terms in the related infinite series
expansions met in Further Mathematics) allow some trigonometric equations to be
approximated, near a desired root, by polynomial equations. These are more
straightforward to solve. It is helpful to use a spreadsheet to see how surprisingly
good these approximations are even for quite large angles (e.g. 0.3 radians is about
18°).
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Sample MEIl resource

‘Arcs and sectors’ (which can be found at hitps://my.integralmaths.org/integral/sow-
resources.php) is a problem solving approach to arc lengths and areas of sector

aimed at developing fluency. The lower grid includes 12 of the 13 numbers missing
from the upper grid. What is the final missing number?

a r Arc Length Peg?:tt:rr = Area of Sector
8 20.8
10
5.5 13.75
1.5 12
5 6 14 15.5 0.4 4
19.2 24 0.6 1.1 4.8 4

Effective use of technology

Using graph plotting software, draw the graphs of y =sinx and y =Xx. Students can

discuss extent to which it can be claimed that sin X = X. The exploration can be
supported by the use of a simple spreadsheet.
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Similar activities could be used for C0S X zl—? and tanX = X.

- Equation 1: y=sinx
- Equation 2: y=x
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0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09

0.1
0.11
0.12
0.13
0.14
0.15
0.16
0.17

sinx

0
0.009999833
0.019998667
0.0299955
0.039989334
0.049979169
0.059964006
0.069942847
0.079914694
0.089878549
0.099833417
0.109778301
0.119712207
0.129634143
0.139543115
0.149438132
0.159318207
0.169182349

0.18

0.179029573]
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Trigonometry Time allocation:

Pre-requisites

e GCSE: exact values for special angles

e GCSE: area and circumference of circles

e Surds: manipulation of surds, including rationalising the denominator
[ ]

Links with other topics
e Calculus: only when measured in radians is it true that di(sin X) =CoS X
X

¢ Infinite series: when considering small angle approximations
[ ]

Questions and prompts for mathematical thinking

e How are these two diagrams related and
what insight do they give? r

Opportunities for proof
2

e Prove the small angle approximations siné ~ 6,cosé ~ 1—% Jdanfé =6

Common errors
e Confusing 1 radian with 7 radians

e Incorrect formula for the area of a sector; e.g. ré,zr’é or even %raz instead

of Er2¢9.
2

e Working in degrees instead of radians when using the calculator; e.qg.
cos9=-0.911... whereas cos9" =0.987...
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